Abstract: A general closed-form analytic solution is developed for two-electron Coulomb integrals such as those that appear in perturbative treatments of multielectron atoms. In developing this solution, no recourse is necessary to group theory, Clebsch-Gordan coe¯cients, or specialized coordinate transformations: only familiar properties of hydrogenic wavefunctions and standard integrals are employed. One constraint from group theory is adopted for the purpose of establishing an upper limit on an index of summation for computational purposes. An accurate and e¯cient computer program for evaluating such integrals is made available.
Introduction
Perturbative treatments for estimating the energy levels of multi-electron atoms typically give rise to integrals involving products of hydrogenic wavefunctions for two electrons and an inter-electron Coulomb potential integrated over position coordinates for each of the two electrons. The classic textbook example along these lines is the evaluation of the ground-state energy of helium based on modeling the electrons as independent 1s electrons perturbed by their Coulombic interaction; this leads to the integral Z Z ª 100 (A)ª 100 (B) 
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where \A" and \B" designate the individual electrons and r AB their separation. As there is one radial and two angular coordinates associated with each electron, one is actually faced with a sextuple integral. The evaluation of this integral is developed in a number of quantum physics and chemistry texts, and the result is well-known to be 5Z/4 Rydbergs (Z is the atomic number of the nucleus under consideration), about 34 eV in the case of helium.
In general, two types of such integrals arise in practice: \Coulomb" or \J-type" integrals,
and \exchange" or \K-type" integrals,
where N and P denote hydrogenic (n,`,m) states. Such integrals are also known as con¯guration-interaction (CI) integrals. Note that J NP = J P N and K NP = K P N ; also,
Carrying multielectron perturbative treatments to higher orders involves such constructs with hydrogenic wavefunctions other than those for just the 1s states. Levine [1] gives analytic results for a few cases involving 1s, 2s, and 2p states, but the integrals become increasingly di±cult as one incorporates higher-numbered quantum states. A vast literature exists on methods for computing such integrals, particularly in the quantum chemistry¯eld. However, these usually demand familiarity with group theory, Clebsch-Gordan coe±cients, and/or specialized transformations that e®ect separation of the electron coordinates. Surprisingly, a direct solution for such integrals based solely on familiar properties of the radial and angular parts of hydrogenic wavefunctions seems not to have appeared in the literature. The purpose of this paper is to develop a closed-form analytic solution to CI integrals and to make available a computer program for evaluating same.
General con¯guration{integration integral
The notation adopted here is that ª n;`;m designates a standard single-electron hydrogenic wavefunction with quantum numbers (n,`, m). The nuclear charge is assumed to be +Ze. The general version of the CI integral of Eq. (1) above can be written as
where the d½ 's denote volume elements and where the subscripts on the wavefunctions designate quantum states, e.g., ª
We will subsequently designate the full CI integral as < V > for brevity. While the J and K integrals involve only two distinct (n,`, m) states, Eq. (2) will be solved assuming four distinct states for full generality.
From the addition theorem for spherical harmonics, we can write the inverse of the electron-electron separation as
where r > (r < ) designates the greater (lesser) of r A and r B , and where the Y's denote spherical harmonics. Separating the radial and angular integrals in Eq. (2) and rendering the radial integrals dimensionless with the substitution » = Zr/a o where a o is the Bohr radius, we arrive at
where coordinate depexpression (l+m)endencies have been suppressed for brevity. E o is the absolute value of the hydrogen ground-state energy (= 1 Rydberg; 13.6 eV), and the factor of (Z/a o ) 3=2 that normally appears in the normalization coe±cient for the radial wavefunctions has been incorporated into the prefactor 8º ZE o (See Eq. 5 in Appendix). The angular integrals in Eq. (4) can be further simpli¯ed. The spherical harmonics are products of polar and azimuthal terms:
where £`m denotes an Associated Legendre Function (ALF) and where the factor of (¡ 1) m incorporates the Condon-Shortley phase [2] . Working with the integral over d A as an example, we can write
Invoking the usual result that integrating over such a ¿ -dependence yields a¯-function times a factor of 2º , we have
where
Since a non-zero result will arise only for t = m 1 { m 3 , the factor of (¡ 1) m1+m3+t will always be equal to +1. The integral over d B can be likewise simpli¯ed, with the overall result that we can compact Eq. (4) to
W (`2; m 2 ;`4; m 4 ; s; t) ¾¸;
General solutions for these radial and angular integrals are developed in appendices I and II below. In Appendix, it is shown that nonzero contributions to < V > arise only when (in addition to the constraint t = m 1 ¡ m 3 = m 4 ¡ m 2 above)
and`2 +`4 + s = even:
It is worthwhile remarking that both J and K-type integrals are indi®erent to the signs of the \m" quantum numbers since the spherical harmonics obey the parity relation
Also, in a J-type integral, only t = 0 leads to nonzero contributions in the inner sum in Eq. (9).
For computational purposes, the¯nal requirement is an upper limit on the index of summation \s" in Eq. (9). It is for this that we must make our single appeal to results from group theory. According to Arfken [2] , it can be shown that, in addition to the constraints above, integrals of the form
will be non-zero only for values of the`'s such that j`1 ¡`3j 6`2 6`1 +`3; a condition whose physical origin arises from considerations of adding vector angular momenta. Applying this to the integrals appearing in Eq. (4) shows that the upper limit for s in Eq. (9) is the lesser of`1 +`3 or`2 +`4.
Computer program
The author has developed a double-precision Fortran program for computing J and Ktype integrals for principal quantum numbers up to and including n = 6, a limit that can easily be modi¯ed. The source code (JKVALUES.f) and a listing of J and K values are available via anonymous ftp from directory CI-Integrals within directory /pub at sirius.mcs.alma.edu. Computing J or K values up to and including n = 6 requires less than one minute of CPU time on a 766-MHz Macintosh G4 machine. JKVALUES gives results in excellent accord with published analytic values. For example, Levine [1] gives K 1s2p = (224/6561) = 0.034141137... Rydbergs (Z = 1), a value reproduced by the program to at least 12 places of decimals.
Having an easily-generated tables of J and K values should be of considerable value in multielectron atomic structure problems. A challenge for a student skilled in the use of symbolic manipulators would be to write a program to generate values in terms of rational fractions as opposed to decimal numbers.
Summary
A closed-form analytic solution for two-electron Coulombic con¯guration-interaction integrals has been developed. This solution involves only elementary integrals and the usual expressions for hydrogenic wavefunctions. As no familiarity with group theory or other advanced techniques is required, this solution should be accessible to advanced undergraduates.
Appendix

The radial integral
The radial part of the CI integral is
which expands out as
The radial wavefunctions can be expressed as series in » via Laguerre polynomials. The integrals in Eq. (2) then reduce to standard integrals of products of powers and exponentials of » A and » B . The resulting algebra is straightforward if tedious, and yields
; (8)
(10)
Appendix
Angular integrals
Here we have integrals of the form
The (`, m) indices used here are intended to be general. The Associated Legendre functions can be written as
where P`m is a Legendre polynomial:
In order to integrate the product of three Legendre polynomials (a situation referred to by Slater [3] as \an unfamiliar form"), it is helpful to cast the them into true polynomial series, that is, as expressions where sin and cos appear directly, as opposed to expressions involving their derivatives. This can be accomplished by applying the binomial theorem to the expression (x 2 -1)`and di®erentiating the resulting expression (`+ m) times [4] . The result is
and
and where
designates the largest integer less than or equal to (`¡ m)=2. Note that A`m here is de¯ned di®erently than that in the case of the radial integral [Eq. (5)].
With this result the angular integral can be written as
Note that the A and k max i de¯ned here are di®erent from those in the radial case [Eq. (4) and (18)]. Now, refer back to the angular integrals in the main body of the paper to which this solution is to be applied [Eq. (9)], and identify the particular (`, m) indices appearing therein with those in the above general solution. Using the integral over A as an example, we have M = (m 1 + m 3 + t). However, non-zero contributions to < V > obtain only for t = m 1 ¡ m 3 , that is, for M = 2m 1 . Therefore, (M + 1) must be odd to give a nonzero contribution to < V >. The integral over B eads to the same conclusion. The oddness of M + 1 for contributing terms is useful as it allows us to reduce the power of sin appearing in Eq. (25) to unity by repeated application of the identity
Applying this iteratively gives
A potential complication is that we must have Q = 1 + M > 0, else application of Eq. (31) will lead to increasingly negative powers of sin . If Q should be negative, then one faces the task of extracting enough factors of (1¡ cos 2 ) from the cosine term to cancel whatever power of sin appears in the denominator of the integrand. This can be avoided by working only with the absolute values of the m i and subsequently adjusting the sign of the result in accordance with the known parity properties of the spherical harmonics. Speci¯cally, if any of the m i are negative, multiply the result obtained when using j m i j in place of m i by a factor of {1 for each of the m i that is an odd negative integer. For practical purposes, however, this is not an issue as J and K values are indi®erent to the signs of the m quantum numbers: only m ¶ 0 are used in the author's program. Finally, a further constraint can be set on the angular momentum quantum numbers in order that contributions to < V > be nonzero. From Eq. (32), we must have (L ¡ M ¡ K + 1) odd. Applying this constraint to the integral over A gives L ¡ M ¡ K + 1 =`1 + s +`3 ¡ m 1 + t ¡ m 3 ¡ 2(k 1 + k 2 + k 3 ) + 1 = odd: Now, [2(k 1 + k 2 + k 3 ) + 1] is always odd. Since nonzero contributions obtain only for t = m 1 ¡ m 3 , then we can conclude that`1 + s +`3 must always be even in order to yield a nonzero result. The integral over B likewise requires that`2 + s +`4 be even.
